Liouville's fractional integration is used to de ne polygamma functions n z for negative i n teger n. It's shown that such n z can be represented in a closed form by means of the rst derivatives of the Hurwitz Zeta function. Relations to the Barnes G-function and generalized Glaisher's constants are also discussed.
Introduction
The idea to de ne the polygamma function z for every complex via Liouville's fractional integration operator is quite natural and was around for a while see Ross 1974 and Grossman 1976 . However, for arbitrary negative i n teger the closed form of z w as not developed yet -the only two particular cases = ,2 and = ,3 h a ve been studied see Gosper 1997 . It is the purpose of this note is to consider Replacing log ,1 + z in 1 by 2, upon inverting the order of summation and integration, we t h us observe that the essential part of this approach depends on whether or not we are able to evaluate series involving the Riemann Zeta function. We will propose here a speci c technique for more details see Adamchik and Srivastava 1998 dealing with Zeta series and show that generally the latter can be expressed in terms of derivatives of the Hurwitz function 0 s; a with respect to its rst argument. Furthermore, we will show that when s is negative odd and a is rational a = that can be easily deduced by using the idea described in the second section, we prove 11. The formula 11 rst was obtained in Gosper 1997. The integral 10 can be envisaged from another point of view. It is known that the polygamma function is de ned by n z = @ n+1 @z n+1 log ,z 12
for positive i n teger n. H o wever, using Liouville's fractional integration and di erentiation operator we can extend the above de nition for negative i n teger n. T h us, for n = ,1 and n = ,2 it follows immediately that log ,tdt respectively. This means that the integral 10 is actually a "negapolygamma" of the second order the term was proposed by B. Gosper. Generally, i f w e agree on that the bottom limit of integration is zero, we can de ne polygammas of the negative order as it follows ,n z = 1 n , 2! Z z 0 z , t n,2 log ,t dt; z 0
13
As a matter of fact, using the series representation 2 for log ,1 + z, the integral 13 can be evaluated in a closed form Proposition 2 Let n be a p ositive integer and z 0, then n! ,n z = n 2 log2 z n,1 , B n z H n,1 + n 0 1 , n; z ,
14 where B n and B n z are Bernoulli numbers and polynomials, and H n are harmonic numbers. 
